Gravity and Spin Forces in Gravitational Quantum Field Theory by Wu, Yue-Liang & Zhang, Rui
ar
X
iv
:1
80
8.
09
79
7v
2 
 [p
hy
sic
s.g
en
-p
h]
  8
 Se
p 2
01
8
Gravity and Spin Forces
in Gravitational Quantum Field Theory
Yue-Liang Wua,b,c), Rui Zhang†a,b)
a)Key Laboratory of Theoretical Physics, Institute of Theoretical Physics,
Chinese Academy of Sciences, Beijing 100190, China
b) School of Physical Sciences, University of Chinese Academy of Sciences,
No. 19A Yuquan Road, Beijing 100049, China
c) International Center for Theoretical Physics Asia-Pacific (ICTP-AP),
University of Chinese Academy of Sciences, Beijing 100049, China
In the new framework of gravitational quantum field theory (GQFT) with spin and scaling gauge
invariance developed in Phys. Rev. D93 (2016) 024012-1 [1], we make a perturbative expansion for the
full action in a background field which accounts for the early inflationary universe. We decompose the
bicovariant vector fields of gravifield and spin gauge field with Lorentz and spin symmetries SO(1,3)
and SP(1,3) in biframe spacetime into SO(3) representations for deriving the propagators of the basic
quantum fields and extract their interaction terms. The leading order Feynman rules are presented.
A tree-level 2 to 2 scattering amplitude of the Dirac fermions, through a gravifield and a spin gauge
field, is calculated and compared to the Born approximation of the potential. It is shown that the
Newton’s gravitational law in the early universe is modified due to the background field. The spin
dependence of the gravitational potential is demonstrated.
PACS numbers: 04.60.Bc, 04.20.Cv
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1.. INTRODUCTION
The gravitational quantum field theory (GQFT) with spin and scaling gauge invariance
was developed in [1, 2] to overcome the long term obstacle between the general theory of
relativity (GR) and quantum mechanics. In fact, there has been enormous efforts on the
theory beyond Einstein’s theory since the GR was established by Einstein in 1915 [3]. The
metric describing the geometry of the spacetime are commonly factorized linearly to explore
the quantum structure of gravity and its interaction with matter fields [4, 5], and the Ricci
scalar has been shown to be the key of the dynamics of gravity. The property of GR with spin
and torsion was investigated in Refs. [6–8], where the totally antisymmetric coupling of the
torsion to spin was presented. The general quadratic terms of the 2-rank tensor fields that
satisfy the ghost-free and locality conditions were discussed in [9]. With the tool named tensor
projection operators developed in Ref. [10], which projects the SO(1,3) tensor representation to
the components of different SO(3) representations, the general propagators and gauge freedoms
were investigated and extrapolated to a more general case including propagating torsion [11].
The totally antisymmetric part and its renormalizability was anayzed in [12].
Recently, a new framework of gravitational quantum field theory (GQFT) was proposed to
treat the gravitational interaction on the same footing as electroweak and strong interactions [1,
2]. Where a biframe spacetime is initiated, namely, the locally flat non-coordinate spacetime
and the globally flat Minkowski spacetime, a basic gravifield is defined on the biframe spacetime
as a bicovariant vector field which is in general a 16-component field. The spin gauge field and
scaling gauge field are introduced to keep the action invariant under a local SP (1, 3)× SG(1)
gauge transformation. A non-constant background solution has been obtained, which may
account for the inflationary behaviour of the early universe. In a proceeding work, a more
general action for a hyperunified field theory (HUFT) under the hyper-spin gauge and scaling
gauge symmetries was proposed [13] to merge all elementary particles into a single hyper-
spinor field and unify all basic forces into a fundamental interaction governed by a hyper-spin
gauge symmetry. A background solution remains to exist. In such a HUFT, it enables us
to demonstrate the gravitational origin of gauge symmetry as the hyper-gravifield plays an
essential role as a Goldstone-like field. The gauge-gravity and gravity-geometry correspondences
lead to the gravitational gauge-geometry duality. It has been shown that a general conformal
scaling gauge symmetry in HUFT results in a general condition of coupling constants, which
eliminates the higher derivative terms due to the quadratic Riemann and Ricci tensors, so
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that the HUFT will get rid of the so-called unitarity problem caused by the higher order
gravitational interactions. To demonstrate explicitly, in the present paper, we consider the
gravitational interactions of gravifield and spin gauge field only in four dimensional case with a
background field solution. Expanding the full action under such a background field, it is natural
to extract the dynamics and interactions of the quantum fields. The interactions among these
fields will reflect the gravitational behavior in the early universe.
2.. ACTION EXPANSION IN A NON-CONSTANT BACKGROUND FIELD
Let us start from a basic action by simply taking four dimentional spacetime, i.e., D=4,
from the hyperunified field theory (HUFT) [13] in hyper-spacetime,
IH =
∫
[dx]χL =
∫
[dx]χ
{
1
2
(χˆa
µΨ¯γaiDµΨ +H.C.)− 1
4
[χˆµνµ
′ν′
aba′b′ R
ab
µνR
a′b′
µ′ν′ + χˆ
µµ′ χˆνν
′
WµνWµ′ν′ ]
+
1
4
αEφ
2χˆµνµ
′ν′
aa′ G
a
µνG
a′
µ′ν′ +
1
2
χˆµνdµφdνφ− λsφ4
}
. (1)
where χµ
a is the gravifield, Ωµ
ab is the spin gauge field antisymmetric in (a, b), χˆa
µ is the inverse
of the gravifield, φ is the scalar field and wµ is the scaling gauge field. And we have used the
notations
Rabµν =∂µΩν
ab − ∂νΩµab + ΩµacΩνcb − ΩνacΩµcb, Wµν = ∂µwν − ∂νwµ,
Gaµν =(∂µχν
a + ∂µ(lnφ)χν
a − ∂νχµa − ∂ν(lnφ)χµa),
iDµ =i∂µ + Ωµ
ab 1
2
Σab, dµ = ∂µ − gwwµ, χˆµν = χˆaµχˆbνηab.
The tensors are taken the general forms presented in [13]
χˆµνρσabcd =g1ηacηbdχˆ
µρχˆνσ + 1
2
g2(χˆd
µχˆc
νχˆb
ρχˆa
σ + χˆc
µχˆd
νχˆa
ρχˆb
σ)
− g1+g2
2
(
ηbd(χˆc
νχˆa
σχˆµρ + χˆc
µχˆa
ρχˆνσ) + ηac(χˆd
νχˆb
σχˆµρ + χˆd
µχˆb
ρχˆνσ)
)
− 1
2
g4(χˆb
σχˆa
µχˆd
νχˆc
ρ + χˆb
µχˆc
νχˆd
ρχˆa
σ + χˆd
µχˆa
νχˆb
ρχˆc
σ + χˆc
µχˆb
νχˆa
ρχˆd
σ)
+ 1
2
g4
(
ηbd(χˆa
νχˆc
σχˆµρ + χˆa
µχˆc
ρχˆνσ) + ηac(χˆb
ν χˆd
σχˆµρ + χˆb
µχˆd
ρχˆνσ)
)
χˆµνρσab =ηabχˆ
µρχˆνσ + 2χˆa
σχˆb
ν χˆµρ − 4χˆaνχˆbσχˆµρ.
In the unitary basis χ ≡ detχ aµ = 1, the background field solution in the unitary basis is found
to be [1]
χ¯µ
a = ηaµ, φ¯
2 =
6αE
λs
κµκ
µ
(1− κ · x)2 , Ω¯µ
ab = 0, w¯µ =
1
gw
∂µlnφ¯ .
3
The quantized field are expressed as:
χµ
a = ηaµ + h
a
µ/MW , χˆa
µ = ηµa − hµa/MW +O(1/M2W ),
φ→ a¯MS + φ, Ωµab → Ω¯µab + Ωµab, wµ → w¯µ + wµ.
with φ¯ = a¯Ms and αEM
2
s =
1
2
M2W .
a. We can expand the action (1) and collect the leading order interactions and quadratic
terms. As the quadratic term of the quantum gravifield includes a non-constant coefficient a¯(x),
it is useful to absorb it into the field via a field-redefinition
hµ
a → hµa/a¯(x).
The final quadratic terms are given by:
− 12αE−1
2
∂aφ∂
aφ+ 2
√
2αE∂aφ∂bh
ab − 1
2
∂bh
c
c∂
bhaa − 2∂bφ∂bhaa − 12∂bhab∂chac + ∂bhaa∂chbc
− ∂ahbc∂chab − 12∂ahcb∂chab +
1
2
∂ahcb∂
chab +
1
2
∂bhac∂
chab + 1
2
∂chab∂
chab − 1
2
∂chab∂
chab
+
1
2
∂chba∂
chab − 1
2
g1∂dΩabc∂
dΩabc + 1
2
g1∂aΩdbc∂
dΩabc + 1
2
g1∂dΩbac∂
dΩabc + g1∂aΩbcd∂
dΩabc
+ 1
2
(g1 + g2)∂cΩabd∂
dΩabc − g2∂cΩbad∂dΩabc + g2∂aΩbcd∂dΩabc + 12g2∂dΩbac∂dΩabc
− 1
2
g4∂bΩ
d
cd∂
cΩaa
b + 1
2
g4∂cΩ
d
bd∂
cΩaa
b + 1
2
g4∂bΩ
abc∂dΩac
d + g4∂
cΩaa
b∂dΩbc
d
− 1
2
g4∂bΩ
abc∂dΩca
d − g4∂cΩaab∂dΩcbd + 12∂awb∂bwa − 12∂bwa∂bwa (2)
There are other terms which involves two quantum fields, but with higher orders of the back-
ground field, we present them in the Appendix A. In the early universe, the background field
φ¯(x) is sufficiently small, so that we can ignore the effect of those terms and only consider the
quadratic terms in (2).
b. Though the propagators can hardly be read from the action, we can utilize the tensor
projection operators to decompose the spin components of the tensor fields, and then derive
their propagators. The scaling gauge field decouples from the Dirac spinors, so we would not
include it in our present considerations. We shall discuss the details in Sec. 3. We can also
get the leading-order interaction terms which are given in the appendix B. Notice that we have
absorbed the gauge coupling constant gh, which depends on the normalization of coefficients
g1, g2 and g4. We shall do a field redefinition after some normalization of the propagator in
Sec. 5. and turn the interactions to a usual form of gauge interactions.
4
3.. TENSOR PROJECTION OPERATORS AND PROPAGATORS OF GRAVIFIELD
AND SPIN GAUGE FIELD AS WELL AS SCALAR FIELD
The SO(1,3) tensor-like fields hµa and Ωµab can be decomposed into different SO(3) spin-
parity components:
φ = 0+, hµa = 2
+ ⊕ 1+ ⊕ 1− ⊕ 1− ⊕ 0+ ⊕ 0+
Ωµab = 2− ⊕ 2+ ⊕ 1+ ⊕ 1− ⊕ 1− ⊕ 1+ ⊕ 0− ⊕ 0+. (3)
Following ref. [9], we shall define the tensor projection operators P J
P
f1f2
, where the subscripts f1
and f2 denoting the field type, the superscripts J and P label the spin and parity. The tensor
projection operators satisfy the following relations:
P J
P
f1f2
P J
′P
′
f ′
1
f ′
2
= P J
P
f1f
′
2
δJJ ′δPP ′δf2f ′1 . (4)
with the definition
P J
P
f1f1
≡ P JPf1 . (5)
To be specific, we write down the explicit forms for the tensor projection operator of the 2+
component of the gravifield hµ
a
(P 2
+
h )µa,νb =
1
2
θµνθab + 1
2
θaνθbµ − 1
3
θaµθbν (6)
with the definition
θµν ≡ ηµν − p
µpν
p2
, ωµν ≡ p
µpν
p2
,
and the tensor projection operator of the totally antisymmetric part of the spin gauge field
Ωµ
ab,
(P 1
+
Ω1 )µab,νcd =
1
6
[θµν(θbdωac − θbcωad)− θbνθµdωac + θbνθµcωad − θbdθµcωaν + θbcθµdωaν
+ θµν(θacωbd − θadωbc) + θaνθµdωbc − θaνθµcωbd ++θadθµcωbν − θacθµdωbν
− θaνθbdωµc + θadθbνωµc + θaνθbcωµd − θacθbνωµd − θadθbcωµν + θacθbdωµν ]
(P 0
−
Ω )µab,νcd =
1
6
[θµν(θacθbd − θadθbc) + θµcθadθbν − θµcθaνθbd − θµdθacθbν + θµdθaνθbc].
The explicit forms of other tensor projection operators are presented in the appendix C.
In general, the tensor projection operators have the following properties,
P 0
+
φ = 1; P
0+
h1
+ P 0
+
h2
+ P 1
+
h + P
1−
h1
+ P 1
−
h2
+ P 2
+
h = ηµµ′ηaa′ ;
P 0
+
Ω + P
0−
Ω + P
1+
Ω1
+ P 1
+
Ω2
+ P 1
−
Ω1
+ P 1
−
Ω2
+ P 2
−
Ω + P
2+
Ω =
1
2
ηµµ′(ηaa′ηbb′ − ηba′ηab′). (7)
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a. Thus we can write the quadratic terms of the action in terms of the tensor projection
operators as follows,
p2
{
φ(
1− 12αE
2
P 0
+
φ )φ+ φ(−2
√
6αEP
0+
φh1
)µah
µa + hµa
(
−P 0+h1 − 0P 0
+
h2
−
√
3
2
P 0
+
h2h1
+
√
3
2
P 0
+
h1h2
0P 1
−
h1
+ 0P 1
−
h2
+
1
2
P 1
−
h2h1
+ (−1
2
)P 1
−
h1h2
+ 0P 1
+
h +
1
2
P 2
+
h
)
µa,νb
hνb + Ωµab
(
−g1 − g2
4
P 2
−
Ω
−g1 − g2 + g4
3
P 1
+
Ω1 +
g2 + 5g1 + 2g4
12
√
2P 1
+
Ω1Ω2 −
5g2 + g1 − 2g4
12
√
2P 1
+
Ω2Ω1 +
g2 − g1 − g4
6
P 1
+
Ω2
+
g2 − g1 − 2g4
4
P 1
−
Ω1
−
√
2g4
4
P 1
−
Ω2Ω1
+
√
2g4
4
P 1
−
Ω1Ω2
− g2 + 2g1
2
P 0
−
Ω
+0P 0
+
Ω + 0P
1−
Ω2
+ 0P 2
+
Ω
)
µab,νcd
Ωνcd
}
(8)
The field equations of the field type F {µ}f1 can be expressed by tensor projection operators
as: ∑
f2
aJ
P
f1f2
(P J
P
f1f2
){µ},{ν}Ff2{ν} = (P J
P
f1
){µ},{µ′}J {µ
′}
f1
(9)
where J {µ′}f1 is the corresponding source of the field F
{µ}
f1
. aJ
P
f1f2
is the coefficient matrix of
the field equations which are derived from (8). We have used the relation in Eq.(4) to obtain
the above field equations. Thus the propagators can be obtained by multiplying the operators∑
f4,f1
(aJ
P
)−1f3f4(P
JP
f3f4
) on the left-hand side of (9)
Ff1{µ} =
∑
J,P,f2
(aJ
P
)−1f1f2(P
JP
f1f2
){µ},{ν}J {ν}f2 ,
(∆−1f1f2){µ},{ν} =
δFf1{µ}
δJ {ν}f2
=
∑
J,P
(aJ
P
)−1f1f2(P
JP
f1f2
){µ},{ν}. (10)
The explicit forms of the coefficient matrices are given by,
a0
−
f1f2
= −(2g1 + g2)p2, f1 = f2 = Ω (11)
a0
+
f1f2
=


0 0 0 0
0 −2p2 0 −2√6αEp2
0 0 0 0
0 −2√6αEp2 0 1− 12αEp2

 , f1, f2 = (Ω, h1, h2, φ) (12)
6
a1
−
f1f2
=


g2−g1−2g4
2
p2 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 , f1, f2 = (Ω1,Ω2, h1, h2) (13)
a1
+
f1f2
=


2g2−2g1−2g4
3
p2 −
√
2(g2−g1−g4)
3
p2 0
−
√
2(g2−g1−g4)
3
p2 g2−g1−g4
3
p2 0
0 0 0

 , f1, f2 = (Ω1,Ω2, h) (14)
a2
−
f1f2
=
g2 − g1
4
p2, f1 = f2 = Ω (15)
a2
+
f1f2
=

 0 0
0 p2

 , f1, f2 = (Ω, h) (16)
It is obvious that most of the matrices are degenerate, and these degeneracies indicate certain
symmetries of the quadratic terms [11] relevant to unphysical degrees of freedom. When consid-
ering only the tree-level calculations, we do not need to know the exact gauge-fixing terms and
gauge transformations by introducing the Faddeev-Popov ghosts. Instead, we can just apply
the specific gauge-fixing conditions by setting the constraints
P 0
+
h2
h = P 1
+
h h = P
1−
h1
h = P 1
−
h2
h = P 0
+
Ω Ω = P
1−
Ω2 Ω = P
1+
Ω2 Ω = P
2+
Ω Ω = 0 (17)
without breaking the field equations, and neglect the corresponding lines in the coefficient
matrices. Thus we only need to invert the “reduced” matrices and get the propagators.
b. The resulting propagators are given as follows in the specific gauge:
hµa − hνb : i2P
2+
h − (1− 12αE)P 0
+
h1
2p2
hµa − φ : −
√
6αEiP
0+
h1φ
p2
φ− φ : i
p2
Ωµab − Ωνcd :− i P
0−
Ω
(2g1 + g2)p2
− i 3P
1+
Ω1
(2g1 − 2g2 + 2g4)p2 − i
2P 1
−
Ω1
(g1 − g2 + 2g4)p2 − i
4P 2
−
Ω
(g1 − g2)p2 (18)
c. In general, when treating the fields χµ
a and Ωµ
ab as Yang-Mills gauge fields in GQFT,
we can simply add the usual gauge-fixing terms for the gauge-type gravifield χµ
a and the spin
7
gauge field Ωµ
ab. For simplicity, we take the following explicit forms for their gauge fixing
conditions
λχˆµµ
′
χˆνν
′
(∂µχµ′
a)(∂νχν′a) ; λˆ(∂µχˆa
µ)(∂νχˆ
aν); ξχˆµµ
′
χˆνν
′
(∂µΩµ′
ab)(∂νΩν′ab);
− ξˆ
4
χˆµρ(χˆbν∂νΩµab + χµ
a′χˆbνχˆa
µ′∂νΩµ′a′b)(χˆc
σ∂σΩρ
ac + χρd′χˆ
aρ′χˆc
σ∂σΩρ′
d′c).
In such a case, the coefficient matrices of the field equations are given by,
a0
−
f1f2
= −(2g1 + g2)p2, f1 = f2 = Ω (19)
a0
+
f1f2
=


−2ξˆp2 0 0 0
0 −2p2 0 −2√6αEp2
0 0 (2λ+ 2λˆ)p2 0
0 −2√6αEp2 0 1− 12αEp2

 , f1, f2 = (Ω, h1, h2, φ) (20)
a1
−
f1f2
=


g2−g1−2g4
2
p2 0 0 0
0 −(ξˆ + 2ξ)p2 0 0
0 0 (λ+ λˆ)p2 (λ− λˆ)p2
0 0 (λ− λˆ)p2 (λ+ λˆ)p2

 , f1, f2 = (Ω1,Ω2, h1, h2) (21)
a1
+
f1f2
=


2g2−2g1−2g4−2ξ
3
p2 −
√
2(g2−g1−g4+2ξ)
3
p2 0
−
√
2(g2−g1−g4+2ξ)
3
p2 g2−g1−g4−4ξ
3
p2 0
0 0 0

 , f1, f2 = (Ω1,Ω2, h) (22)
a2
−
f1f2
=
g2 − g1
4
p2, f1 = f2 = Ω (23)
a2
+
f1f2
=

 −2ξˆp2 0
0 p2

 , f1, f2 = (Ω, h) (24)
Except for the 1+ component of the gravifield, all other coefficient matrices are non-degenerate.
Thus we are able to inverse the matrices by requiring
P 1
+
h h = 0 (25)
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and get the propagators:
hµa − hνb :i2P
2+
h − (1− 12αE)P 0+h1
2p2
+ i
P 0+h2
2(λ+ λˆ)p2
+ i
(λ+ λˆ)(P 1
−
h1
+ P 1
−
h2
) + (λ− λˆ)(P 1−h1h2 + P 1
−
h2h1
)
4λλˆp2
hµa − φ : −
√
6αE iP
0+
h1φ
p2
φ− φ : i
p2
Ωµab − Ωνcd :− i P
0−
Ω
(2g1 + g2)p2
− i P
0+
Ω
2ξˆp2
− i 2P
1−
Ω1
(g1 − g2 + 2g4)p2 − i
P 1
−
Ω2
(2ξ + ξˆ)p2
− i 4P
2−
Ω
(g1 − g2)p2
− i P
2+
Ω
2ξˆp2
− i (4ξ + g1 − g2 + g4)P
1+
Ω1
+ (2ξ + 2g1 − 2g2 + 2g4)P 1+Ω2
6ξ(g1 − g2 + g4)p2
+ i
√
2(2ξ − g1 + g2 − g4)P 1+Ω1Ω2 +
√
2(2ξ − g1 + g2 − g4)P 1+Ω2Ω1
6ξ(g1 − g2 + g4)p2 . (26)
Taking ξ, ξˆ, λ, λˆ→∞ as like the Landau gauge, the propagators are reduced to
hµa − hνb : i2P
2+
h − (1− 12αE)P 0
+
h1
2p2
hµa − φ : −
√
6αE iP
0+
h1φ
p2
φ− φ : i
p2
Ωµab − Ωνcd : − i P
0−
Ω
(2g1 + g2)p2
− i 2P
1−
Ω1
(g1 − g2 + 2g4)p2 − i
4P 2
−
Ω
(g1 − g2)p2
− i2P
1+
Ω1
+ P 1
+
Ω2
−√2(P 1+Ω1Ω2 + P 1
+
Ω2Ω1
)
3(g1 − g2 + g4)p2 (27)
It is seen that in this case the propagator of the gravifield recovers the same one as the case
without adding gauge fixing condition, while the propagator of the spin gauge field is modified
for the spin 1 component with even parity, which is relevant to the total antisymmetric part of
spin gauge field.
d. It is noticed that there is an intersection term φ− h which is caused as the choice of
h and φ is not orthogonal. To avoid such a complication, it is useful to redefine the quantum
field
hµa → Hµa = hµa +
√
2αEηµaφ (28)
so that the propagator of the field Hµa becomes
Hµa −Hνb : iθ
µνθab + θµbθνa − θµaθνb
2p2
(29)
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which is compatible with the propagator in the usual linear gravity approach [5] up to a gauge
term p
µpν
p2
. If we take the gauge coefficients λ, λˆ to be 3
2
, the explicit form of the H − H
propagator is
i
ηµνηab + ηµbηaν − ηµaηνb − ηµν papb
3p2
− pµpν
3p2
ηab − pµpb
p2
ηaν − ηµb papν
p2
+ ηµa p
νpb
p2
+ p
µpa
p2
ηνb
2p2
(30)
When taking the gauge fixing parameters as follows
ξ →∞, ξˆ−1 = 8
g1 − g2 +
4
g1 − g2 + 2g4 −
2
g1 − g2 + g4 (31)
the explicit form of the Ω− Ω propagator is
−i( 4
3(g1 − g2) +
1
6(2g1 + g2)
)
1
p2
(ηµν − p
µpν
p2
)(ηacηbd − ηbcηad)
+i(
1
3(g1 − g2) +
1
6(2g1 + g2)
− 1
2(g1 − g2 + 2g4))
1
p4
ηµν(ηacpbpd − ηadpbpc − ηbcpapd + ηbdpapc)
−i( 2
3(g1 − g2) −
1
6(2g1 + g2)
)
1
p2
(ηµcηbdηνa − ηµdηbcηνa − ηµcηadηνb + ηµdηacηνb − p
µpc
p2
ηbdηνa
+
pµpd
p2
ηbcηνa +
pµpc
p2
ηadηνb − p
µpd
p2
ηacηνb − p
νpa
p2
ηbdηµc +
pνpb
p2
ηadηµc +
pνpa
p2
ηbcηµb − p
νpb
p2
ηacηµd)
−i( 1
3(g1 − g2) +
1
6(2g1 + g2)
− 1
2(g1 − g2 + g4) +
1
2(g1 − g2 + 2g4))
1
p4
(ηµcηaνpbpd − ηµdηaνpbpc − ηµcηbνpapd + ηµdηbνpapc)
+i(
1
(g1 − g2) −
1
2(g1 − g2 + 2g4))
1
p2
(ηµaηbdηνc − ηµbηadηνc − ηµaηbcηνd + ηµbηacηνd − ηµaηbdp
νpc
p2
+ ηµbηad
pνpc
p2
+ ηµaηbc
pνpd
p2
− ηµbηacp
νpd
p2
− ηνcηbd p
µpa
p2
+ ηνdηbc
pµpa
p2
+ ηνcηad
pµpb
p2
− ηνdηacp
µpb
p2
)
−i( 1
(g1 − g2) −
1
2(g1 − g2 + 2g4))
1
p4
(ηµaηνcpbpd − ηµbηνcpapd − ηµaηνdpbpc + ηµbηνdpapc), (32)
so that the highest order pole in the propagator is ∼ pµpν
p4
term, which behaves like a Yang-Mills
gauge field propagator. In the following section, we will use the redefined symmetric quantum
gravifield to calculate the physical observable.
4.. GRAVITATIONAL SCATTERING AMPLITUDE OF DIRAC SPINOR AND MOD-
IFIED NEWTON’S LAW WITH BACKGROUND FIELD
Let us now focus on the gravitational interaction between the Dirac spinor field Ψ in the
early universe. The leading order vertex of the fermion involves the background field.
− i
2a¯(x)MW
(Hµa −√2αEφηµa)Ψ¯∂µγaΨ+ h.c.+ 1
4
ΩµabΨ¯ǫ
µabνγνγ5Ψ . (33)
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In the momentum space, the background scaling factor is given by
a¯−1k =
∫
d4x
Ms
√
λs/6αE√
κµκµ
(1− κ · x)eix·k = Ms
√
λs/6αE√
κµκµ
(δ4(k) + iκµ∂kµδ
4(k))
where ∂kµ ≡ ∂∂kµ . Corresponding to Feynman rules shown in Fig.1 and Fig.2.
p2
p1
~q
µa − i
2MW
a¯−1p1−p2−q(p1 + p2)µγa
Fig. 1. 3-vertex for f − f − h.
p2
p1
~q
−√2αE i
2MW
a¯−1p1−p2−q(p/1 + p/2)
Fig. 2. 3-vertex for f − f − φ.
a. Note that in calculating the fermion-fermion scattering, the gamma matrix in the
vertex is contracted with the two external spinors, which satisfies the equation u¯pp/ = p/up = 0.
So that the couplings to φ do not contribute to the tree-level diagrams. For the same reason,
the third term from the H propagator does not contribute to the result, either.
b. The tree level amplitude of the two-fermion scattering, with in-state momenta p1 and
p2, and out-state momenta p3 and p4, is shown in Fig. 3
< p1p2|iT |p3p4 > = − iλs
96α2Eκµκ
µ
∫
dq4
(2π)4
(u¯s
′
3 γµu
s
1u¯
r′
4 γ
µur2(p1 + p3) · (p2 + p4) + u¯s
′
3 (p/2 + p/4)u
s
1
u¯r
′
4 (p/1 + p/3)u
r
2)
1
q2
· [δ4(p1 − p3 − q)− iκµ∂qµδ4(p1 − p3 − q)]
[δ4(p2 − p4 + q) + iκµ∂qµδ4(p2 − p4 + q)] . (34)
The main purpose is to check the newtonian potential in the early universe with the existence
of background field. For the case that all fields are massless, we cannot take a non-relativistic
11
p1
p3
p2
p4
~q
Fig. 3. Tree diagram for 2-fermion scattering via gravifield.
limit to simplify the amplitude. Let us first check the cross section of this scattering process
to contract all the spinors. After integrating the momenta of the propagator, the amplitude in
(34) becomes:
< iT > = − iλs
96α2Eκµκ
µ
(u¯s
′
3 γµu
s
1u¯
r′
4 γ
µur2(p1 + p3) · (p2 + p4) + u¯s
′
3 (p/2 + p/4)u
s
1u¯
r′
4 (p/1 + p/3)u
r
2)
· 1
q2
[1 + i
κµqµ
q2
− iκµ∂qµ ][δ4(p2 − p4 + q) + iκµ∂qµδ4(p2 − p4 + q) ]|q=p1−p3 (35)
The derivatives of δ(p) can be expressed as some functions multiplied by δ(p), thus we can
write the second line in (35) to the following general form
δ4(p2 − p4 + p1 − p3) 1
(p1 − p3)2 [1 + F (p1 − p3)] .
Then our result of the scattering amplitude, except for the overall coefficient and F (p1−p3) term
that are related to the background field, is consistent with the leading order result shown in [14].
If we were working in another gauge fixing condition, the difference would be terms proportional
to q
µqν
q2
, contracted with the vertex will gives the term u¯3(p/3−p/1)u1 or (p3−p1) · (p3+p1), both
of which are vanishing because of the on-shell condition of the external fermions. So our result
is indeed gauge independent.
c. The squared matrix element, after throwing all the spin information, is:
1
4
∑
r,r′,s,s′
|M|2 = ( λs
192α2Eκµκ
µ
)2
1
(p1 − p3)4 |1 + F (p1 − p3)|
2
·
∑
r,r′,s,s′
((p1 + p3) · (p2 + p4))2Tr[us′2 u¯s
′
2 γ
νur
′
4 u¯
r′
4 γρ] Tr[u
s
1u¯
s
1γνu
r
3u¯
r
3γ
ρ]
+ (p1 + p3) · (p2 + p4) Tr[ur′4 u¯r
′
4 (p/4 + p/2)u
s′
2 u¯
s′
2 γρ] Tr[u
r
3u¯
r
3(p/3 + p/1)u
s
1u¯
s
1γ
ρ]
+ (p1 + p3) · (p2 + p4) Tr[ur′4 u¯r
′
4 γρu
s′
2 u¯
s′
2 (p/4 + p/2)] Tr[u
r
3u¯
r
3γ
ρus1u¯
s
1(p/3 + p/1)]
+ Tr[ur
′
4 u¯
r′
4 (p/1 + p/3)u
s′
2 u¯
s′
2 (p/1 + p/3)] Tr[u
r
3u¯
r
3(p/2 + p/4)u
s
1u¯
s
1(p/2 + p/4)] . (36)
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With the spin sum rules
∑
s u
s(p)u¯s(p) = p/, and the Mandelstam variables [15]
s = (p1 + p2)
2 = (p3 + p4)
2 = 2p1 · p2 = 2p3 · p4
t = (p1 − p3)2 = (p2 − p4)2 = −2p1 · p3 = −2p2 · p4
u = (p1 − p4)2 = (p3 − p2)2 = −2p1 · p4 = −2p3 · p2
0 = s+ t+ u;
we can simplify (36) into the follow form
1
4
∑
r,r′,s,s′
|M|2 = ( λs
192α2Eκµκ
µ
)2
1
t2
|1 + F (p1 − p3)|2
· [ 8(s2 + u2)(s− u)2 − 16(s− u)2su− 16(s− u)2su+ 64s2u2 ] (37)
As long as the two massless fermions are not in the same direction, we can always make a
Lorentz boost to a center-of-energy frame, so that ~p1 = −~p2 and p01 = p02 = E. When taking
the weak interaction limit that θ → 0, we have
s = 4E2; t = −2E2(1− cosθ); u = −2E2(1 + cosθ);
dσ
dΩ
=
|M|2
64π2(2E)2
= (
λs
192α2Eκµκ
µ
)2
1
(1− cosθ)2 |1 + F (p1 − p3) |
2
· E
2
8π2
(149 + 232cosθ + 114cos2θ + 16cos3θ + cos4θ)
θ→0−−→ ( E
3λs
12πα2Eκµκ
µ
)2
1
(~p1 − ~p3)4 |1 + F (p1 − p3)|
2 . (38)
In comparison with the Born approximation of the cross section [16]
(
dσ
dΩ
)Born =
E2
4π2
|V˜ (~q)|2, (39)
To compare our result with those from the usual Newtonian potential, we identify the factor 1
M2
W
with the coefficient of the Einstein equation 8πG. So the relation between αE and Newtonian
gravitational constant GN is
αE =
M2w
2M2s
=
1
16πGNM2s
(40)
Then we we obtain the potential in the momentum space as:
V˜ (~q) = − λsM
2
s
6αEκµκµ
16πGNE
2
~q 2
[1 + F (~q)] (41)
The leading term will contribute to a 1/r potential in the coordinate space. Such a term
coincides with the Newton’s law, but it is modified by a factor λsM
2
s
6αEκ2
which depends on the size
of the inverse of scaling factor 1/a¯(x). In the early universe, the scaling factor is much smaller,
thus the gravitational potential can become much stronger. The modified term F (~q) contains
the structure of the derivatives of delta functions, we shall investigate its effect elsewhere.
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d. Note that the coefficient 16πGN is four times than the gravitational potential for the
massive Dirac fermions. This is because we are working on the massless Dirac fermions. When
considering the Dirac fermion getting a mass from spontaneous symmetry breaking, a mass
term will be generated. In a unitary scaling gauge condition detχ = 1, we need to consider the
change of the spinor structure, and an additional
− u¯r′3 (p/3 + p/1)ur1u¯s
′
4 (p/4 + p/2)u
s
2 = −4m2u¯r
′
3 u
r
1u¯
s′
4 u
s
2 = −16m4δr
′rδs
′s (42)
from the third term (30) of the graviton propagator. The massive Dirac fermion allows us to
take a non-relativistic approximation
up =

√pµσµξ√
pµσ¯µξ

 =

√E − ~p · ~σξ√
E + ~p · ~σξ

 ~pE→0−−−→ √E

(1− 12E~p · ~σ)ξ
(1 + 1
2E
~p · ~σ)ξ

+O( p2
E2
). (43)
The leading order and next-to-leading-order contributions from u¯p3γµup1 is found to be
u¯p3γµup1
~p
E
→0−−−→
√
E3E1
(
ξr†(1− 1
2E3
~p3 · ~σ), ξr†(1 + 12E3 ~p3 · ~σ)
)σµ
σ¯µ



(1− 12E1 ~p1 · ~σ)ξr′
(1 + 1
2E1
~p1 · ~σ)ξr′


=ξr†(2
√
E3E1η
0µ − giµ~p3 · ~σσi − giµσi~p1 · ~σ)ξr′ +O( p
2
E2
) (44)
The leading term for µ = 0 requires r = r′, which together with (42) enables us to get a factor
1
4
for the potential (50). The next-to-leading-order term for µ = 0 comes from the expansion
of E
4
√
E1E2E3E4 = 4m
2 4
√
(1 +
~p21
m2
)(1 +
~p22
m2
)(1 +
~p23
m2
)(1 +
~p24
m2
) = 4m2 + ~p21 + ~p
2
2 + ~p
2
3 + ~p
2
4
= 2
√
E1E3(E2 + E4) = 2
√
E2E4(E1 + E3) (45)
e. The next-to-leading order from µ = i can be simplified to
− ξr†((~p3 + ~p1)j
2
{σj, σi}+ (~p3 − ~p1)j
2
· [σj , σi])ξr′
=iξr†ǫijk(~p3 − ~p1)jσkξr′ − ξr†ξr′(~p3 + ~p1)i , (46)
the spinor formalism can be re-expressed as a four-vector
u¯p3γµup1 = (2m+
~p23 + ~p
2
1
2m
,−(~p3 + ~p1) + i(~p3 − ~p1)× ~S1), Si1 ≡ ξ†σiξ. (47)
Substituting it into the expression of the amplitude Eq. (34)
(u¯s
′
3 γµu
s
1u¯
r′
4 γ
µur2(p1 + p3) · (p2 + p4) + u¯s
′
3 (p/2 + p/4)u
s
1u¯
r′
4 (p/1 + p/3)u
r
2)− 16m4δr
′rδs
′s , (48)
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we can obtain the total contribution up to next-to-leading order,
8m2
(
4m2 + (~p21 + ~p
2
2 + ~p
2
3 + ~p
2
4) + ((~p1 − ~p3)× ~S1) · ((~p2 − ~p4)× ~S2)
)
− 16m4
=16m4
(
1 +
1
2m2
(
4∑
i=1
~p2i − ~q2~S1 · ~S2 + ~q · ~S2~q · ~S1
))
. (49)
So the potential for massive fermions is
V˜ (~q) =
−λsM2s
6αEκµκµ
16πGN
~q 2
[1 + F (~q)] ·
(
m2
4
+
1
8
(
4∑
i=1
~p2i − ~q2~S1 · ~S2 + ~q · ~S2~q · ~S1)
))
(50)
Ignoring the kinematic energies, the next-to-leading order effect is proportional to the inner
product of two particles, i.e., −[~q × ~S1] · [~q × ~S2].
f. If we consider the anti-fermion, its spinor structure is
vp =

 √pµσµη
−√pµσ¯µη

 =

 √E − ~p · ~ση
−√E + ~p · ~ση

 ~pE→0−−−→ √E

 (1− 12E~p · ~σ)η
−(1 + 1
2E
~p · ~σ)η

 +O( p2
E2
). (51)
and the vertex would have a minus sign from −(p2 + p4)µ. The vertex spinor contraction is
v¯p2γµvp4
~p
E
→0−−−→
√
E2E4
(
ηr†(1− 1
2E2
~p3 · ~σ), −ηr†(1 + 12E2 ~p3 · ~σ)
)σµ
σ¯µ



 (1− 12E4 ~p1 · ~σ)ηr′
−(1 + 1
2E4
~p1 · ~σ)ηr′


=ηr†(2
√
E2E4g
0µ − giµ~p3 · ~σσi − giµσi~p1 · ~σ)ηr′ +O( p
2
E2
) (52)
So the there was only an overall minus sign from the momentum, and will be compensated by
the commutation of the fermion operator in the Wick contraction, thus the amplitude does not
flip sign. The only possible difference lies in spin of the anti-fermion η†σiη. Thus we may use
a separate spin notation to distinguish particle and anti-particle
~S+ ≡ ξ†σiξ, ~S− ≡ η†σiη (53)
So the next-to-leading order effect between fermion and anti-fermion is
− [~q × ~S+1 ] · [~q × ~S−2 ]. (54)
g. Let us now consider the special case that the two massless ingoing particles are in
the same direction. Suppose that their momenta are chosen as follows
pµ1 = (E1, 0, 0, E1), p
µ
2 = (E2, 0, 0, E2) . (55)
As the overall δ4(p1−p3+p2−p4) guarantees the momentum conservation, the outgoing momenta
must be in the same direction. In this case, all the momenta are in the same direction, they
are null vectors. So that their product gives zero, namely s = t = u = 0. As a consequence,
the cross-section becomes vanishing.
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5.. SCATTERING AMPLITUDE OF THE DIRAC SPINOR VIA THE SPIN GAUGE
FIELD
It is interesting to consider the scattering amplitude of Dirac spinor via the spin gauge field.
The leading order spin gauge interaction of Dirac spinor is given by the totally antisymmetric
coupling of the spin gauge field. The vertex Feynman rule in Fig.4 can be derived from the last
term in (33).
p2
p1
~q
µab i
4
ǫµabνγνγ5
Fig. 4. 3-vertex for f − f − Ω.
The propagator of the totally antisymmetric part of the spin gauge field is taken the fol-
lowing form
−iP 0−Ω
(2g1 + g2)p2
− 2iP
1+
Ω1
3(g1 − g2 + g4)p2 . (56)
We may redefine the coupling constants [13]
g−11 = g
2
h, g2/g1 = αW , g4/g1 = βW ,
2
3(g1 − g2 + g4) =
2g2h
3(1− αW + βW ) ,
and redefine the spin gauge field and replace the vertex
Ω→ ghΩ, igh
4
ǫµabνγνγ5.
The Dirac spinor scattering amplitude via the spin gauge field is shown in Fig.5
iM = ig
2
h
4(1− αW + βW )
1
q2
u¯s
′
3 γνγ5u
s
1u¯
r′
4 γ
νγ5u
r
2. (57)
If the Dirac spinor acquires a mass from some symmetry breaking, we may take the non-
relativistic limit of this amplitude. Different from the Coulomb potential where the leading
contribution comes from u¯s
′
3 γ0u
s
1 [15], the γ5 in (57) will lead to
us(p)
~p2
m2
→0−−−−→ √m(ξs, ξs)T , u¯s′3 γ0γ5us1
~p2
m2
→0−−−−→ mξs′†ξs −mξs′†ξs = 0;
u¯s
′
3 γiγ5u
s
1
~p2
m2
→0−−−−→ 2mξs′†σiξs, u¯s′3 γνγ5us1u¯r
′
4 γ
νγ5u
r
2
~p2
m2
→0−−−−→ −
∑
i
4m2ξs
′†σiξsξr
′†σiξr. (58)
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p3
p1
~q
p4
p2
Fig. 5. Tree diagram for 2-fermion scattering via spin gauge field.
It is shown that the potential for 2-fermion scattering without spin change can be attractive
(repulsive) for aligned spins and repulsive (attractive) for opposed spins, which relies on the
sign of the coefficient (1 − αW + βW ) whether it is positive 1 − αW + βW > 0 (negative
1 − αW + βW < 0). The potential of the totally antisymmetric field was studied in a different
way in ref. [6], which arrived at the case of negative coefficient 1 − αW + βW < 0. Such an
interaction is independent of the background field. In the early universe, the scaling factor is
so small that the gravitational effect becomes dominant to the cross sections. The spin gauge
coupling is no longer significant, its cross section is found to be:
dσ
dΩ
=
(s2 + u2)g4h
8192π2(1− αW + βW )2E2q4 =
(5 + 2cosθ + cos2θ)g4h
8192π2(1− αW + βW )2E2(1− cosθ)2 . (59)
When taking the weak interaction limit that θ → 0, we have
dσ
dΩ
=
E2g4h
256π2(1− αW + βW )2
1
~q 4
, (60)
which leads to a 1/r potential in the coordinate space.
6.. CONCLUSION
We have investigated the gravitational interactions with the background field in the frame-
work of GQFT. The full action of the GQFT with spin gauge and scaling gauge transformations
has been expanded in a non-constant background field. To the leading order gravitational in-
teractions in GQFT, we have derived the Feynman rules for the propagators and interacting
vertices of the quantum fields by using the tensor projection operators. The quantum gravi-
field has been redefined to be normalized and diagonal, which leads to an interaction between
the Dirac spinor and scalar fields. In the leading order, the scalar interaction with the Dirac
spinor vanishes when the massless Dirac spinor are on-mass shell as the external fields. We
have calculated the tree-level two Dirac spinors scattering through the gravitational interaction
and analyzed its amplitude and cross section. Besides the modified term from the derivative
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of delta function, the overall amplitude is proportional to the inverse of the scaling factors,
which implies that the gravitational potential is much stronger in the early universe. The spin
dependence of the gravitational potential in the nonrelativistic case has been analyzed. We
have also calculated the interaction between the Dirac spinor and the totally antisymmetric
part of the spin gauge field at the leading order, which is similar to the result of the scattering
through a vector field, but with a flip sign in the amplitude due to the property of axial vector,
resulting in a spin gauge force which depends on the sign of the coefficient in its quadratic
terms.
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Appendix A: Next-to-leading order quadratic terms
We have presented the leading order quadratic terms in the context, the following are the
higher order terms of the background field. We define
κˆµ ≡ κ
µ
√
κνκν
. (61)
a. The next-to-leading order quadratic terms for hµ
a − φ are:
φ
(
−
√
2M2s λsκˆ
aκˆµa¯2 − 2
√
λs
3
Msκˆ
µa¯∂a + 2
√
λs
3α2E
Msκˆ
µa¯∂a − 4
√
λs
3
Msκˆ
νηµaa¯∂ν
)
h{µa}
+ φ
(
2
√
3λsMsκˆ
µa¯∂a
)
h[µa]
The terms for hµ
a − wν are:
wν
(
−2
√
λs
3α2E
gwM
2
s κˆ
aηµν a¯2
)
h{µa}
The terms for φ− wµ are:
wµ
(√
3λs
2αE
gwM
2
s κˆ
µa¯2 + gwMsa¯∂
µ
)
φ
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The terms for wµ − wν are:
wµ
(
1
2
g2wM
2
s a¯
2
)
wν
The terms for φ− φ are:
φ
(
6λsM
2
s a¯
2
)
φ
The terms for hµ
a − hνb are:
h{µa}
(
−λsM
2
s
3αE
ηµνηaba¯2 − λsM
2
s
6αE
ηµaηνba¯2 +
λsM
2
s
2α2E
κˆµκˆνηaba¯2 − λsM
2
s
2αE
κˆµκˆνηaba¯2 − λsM
2
s
3αE
κˆµκˆaηνba¯2
+
√
8λs
3αE
Msκˆ
µηνba¯∂a −
√
2λs
3αE
Msκˆ
µηaba¯∂ν
)
h{νb}+
h[µa]
(
−λsM
2
s
3α2E
κˆµκˆνηaba¯2 +
√
2λs
3αE
Msκˆ
µηνba¯∂a
)
h{νb} + h[µa]
(
λsM
2
s
2αE
ηµνηaba¯2 − λsM
2
s
6α2E
κˆµκˆνηaba¯2
)
h[µa]
Appendix B: Leading order vertices
We have presented the leading order vertices of the fermions in the context, the following
are the 3-vertices for the spin gauge field Ωµ
ab with the redefined field Ω by a coupling constant:
g3h
(−(g1 + g2)ΩabcΩdbm∂aΩcdm + g4ΩabcΩbcd∂aΩmdm + (g1 + g2)ΩabcΩdbm∂cΩadm
−2g1ΩabcΩdbm∂dΩacm + (g1 + g2)ΩabcΩdbm∂dΩcam − g4ΩabcΩbcd∂dΩmam − g4ΩaabΩcbd∂cΩmdm
+g4Ω
a
a
bΩcb
d∂dΩ
m
cm + (g1 + g2)Ω
abcΩdb
m∂mΩacd − g4ΩabcΩbcd∂mΩadm − 2g2ΩabcΩdbm∂mΩcad
+ g4Ω
a
a
bΩcb
d∂mΩcd
m + g4Ω
abcΩbc
d∂mΩda
m − g4ΩaabΩcbd∂mΩdcm
)
.
For the gravifield hµ
a interactions, we have
1
MW a¯(x)
(−1
2
hab∂ah
cd∂bhcd − 12hab∂ahcd∂bhdc + hab∂ahcc∂bhdd − hab∂bhdd∂chac
−hab∂ahdd∂chbc − hab∂bhca∂chdd + hab∂chdd∂chba + hab∂chac∂dhbd
+hab∂bh
c
a∂dhc
d − hab∂chba∂dhcd + 12hab∂bhcd∂dhac + 12hab∂bhdc∂dhac
−1
2
hab∂chbd∂
dha
c − 1
2
hab∂dhbc∂
dha
c + 1
2
hab∂ahcd∂
dhb
c + 1
2
hab∂ahdc∂
dhb
c
+ 1
2
hab∂chda∂
dhb
c − 1
2
hab∂dhca∂
dhb
c − 1
2
hab∂bhcd∂
dhca +
1
2
hab∂bhdc∂
dhca
)
.
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For the scalar field φ, except the pure scalar interaction term 4λsφ
3φ¯, and the scalar and
gravifield interactions are found to be,
1
Msa¯(x)
(
2hab∂aφ∂bh
c
c + 2h
ab∂ah
c
c∂bφ− φ∂bhcc∂bhaa − φ∂bhab∂chac
−2hab∂bφ∂chac − 2hab∂aφ∂chbc + 2φ∂bhaa∂chbc − 2hab∂bhca∂cφ− φ∂ahbc∂chab
− 1
2
φ∂ahcb∂
chab + 1
2
φ∂bhac∂
chab + 1
2
φ∂chab∂
chab + 1
2
φ∂chba∂
chab + 2hab∂cφ∂
chba
)
,
for h− φ− h, and
αE
MW a¯(x)
(
4φ∂aφ∂bh
ab +
12αE − 1
αE
hab∂aφ∂bφ− 4φ∂bφ∂bhaa
)
for h− φ− φ, as well as
1√
2αE
(−gwhabwb∂aφ− gwhabwa∂bφ)
or h− w − φ, and
gw
√
λ/αEMs
12αEκµκµ
a¯(x)
(
2habhb
cκcwa + 2h
abhb
cκawc + 2ha
chabκbwc
)
,
for h− h− w. With coupling to the spin gauge field, we obtain
g2h
MW a¯(x)
(
g1h
ab∂aΩ
cdm∂bΩcdm − (g1 + g2)hab∂aΩcdm∂bΩdcm − (g1 + g2)hab∂bΩcdm∂mΩacd
+g4h
ab∂bΩ
m
dm∂cΩa
cd + g4h
ab∂aΩ
m
dm∂cΩb
cd + g4h
ab∂bΩ
c
a
d∂cΩ
m
dm +
3
4
g4h
ab∂bΩ
m
cm∂dΩ
c
a
d
+1
4
g4h
ab∂aΩ
m
cm∂dΩ
c
b
d − 3
4
g4h
ab∂cΩb
cd∂dΩ
m
am − 14g4hab∂cΩacd∂dΩmbm − g4hab∂bΩcad∂dΩmcm
+g4h
ab∂cΩ
m
dm∂
dΩba
c − g4hab∂dΩmcm∂dΩbac − 34g4hab∂bΩmdm∂dΩcac − 14g4hab∂aΩmdm∂dΩcbc
−g4hab∂cΩacd∂mΩbdm + g4hab∂bΩcad∂mΩcdm − g4hab∂dΩbac∂mΩcdm + 34g4hab∂cΩbcd∂mΩdam
+1
4
g4h
ab∂cΩa
cd∂mΩdb
m + g4h
ab∂bΩ
c
a
d∂mΩdc
m + g4h
ab∂dΩba
c∂mΩdc
m
−g1hab∂bΩmcd∂mΩacd − (g1 + g2)hab∂dΩbcm∂mΩacd + g1hab∂mΩbcd∂mΩacd
−(g1 + g2)hab∂aΩcdm∂mΩbcd − g1hab∂aΩmcd∂mΩbcd + (g1 + g2)hab∂bΩcdm∂mΩcad
+2g2h
ab∂dΩcam∂
mΩb
cd − (g1 + g2)hab∂dΩmac∂mΩbcd − (g1 + g2)hab∂mΩcad∂mΩbcd
− 2g2hab∂bΩdcm∂mΩcad + (g1 + g2)hab∂bΩmcd∂mΩcad − g4hab∂aΩccd∂bΩmdm
)
,
for h− Ω− Ω. More interactions include
1
MW a¯(x)
(
hab∂aw
c∂bwc − hab∂bwc∂cwa + hab∂cwb∂cwa − hab∂awc∂cwb
)
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for h− w − w, and
gww
νφ∂νφ,
for w − φ− φ, as well as
g2wMsa¯(x)w
νwνφ,
for w − w − φ.
Appendix C: Tensor Projection Operators
Here we show the exact expression of projection operators (P J
P
f1f2
) for the spin gauge field,
gravifield and scalar, in which we have used the definitions θµν = ηµν − ωµν and ωµν = kµkνk2 for
short.
P 2
−
Ω µab,νcd =
1
6
[2θµν(θacθbd − θadθbc) + θaνθbdθµc − θadθbνθµc − θaνθbcθµd + θacθbνθµd]
−1
4
(θbdθµaθνc − θadθµbθνc − θbcθµaθνd + θacθµbθνd)
P 2
+
Ω µab,νcd =
1
4
θµν(θbdωac − θbcωad − θadωbc + θacθµνωbd)
+
1
4
(θbνθµdωac − θbνθµcωad − θaνθµdωbc + θaνθµcωbd)
−1
6
θµbθνdωac − θµbθνcωad − θµaθνdωbc + θµaθνcωbd
P 2
+
h µa,νb =
1
2
θµνθab +
1
2
θaνθµb − 1
3
θµaθνb
P 2
+
hΩµa,νbc =
pc
2
√
2p2
(θbµθνa − 2
3
θµaθνb + θbaθνµ)− p
b
2
√
2p2
(θcµθνa − 2
3
θµaθνc + θcaθνµ)
P 2
+
Ωhµab,νc =
pb
2
√
2p2
(θaνθµc + θacθµν − 2
3
θµaθνc)− p
a
2
√
2p2
(θbνθµc + θbcθµν − 2
3
θµbθνc)
P 1
+
Ω1 µab,νcd
=
1
6
[θµν(θbdωac − θbcωad)− θbνθµdωac + θbνθµcωad − θbdθµcωaν + θbcθµdωaν
+θµν(θacωbd − θadωbc) + θaνθµdωbc − θaνθµcωbd ++θadθµcωbν − θacθµdωbν
−θaνθbdωµc + θadθbνωµc + θaνθbcωµd − θacθbνωµd − θadθbcωµν + θacθbdωµν ]
P 1
+
Ω2 µab,νcd
=
1
12
(
θµν(θbdωac − θbcωad)− θbνθµdωac + θbνθµcωad + θaνθµdωbc
+θµν(θacωbd − θadωbc)− θaνθµcωbd − 2(−θbdθµcωaν + θbcθµdωaν
+θadθµcωbν − θacθµdωbν)− 2(−θaνθbdωµc + θadθbνωµc + θaνθbcωµd
−θacθbνωµd) + 4(−θadθbcωµν + θacθbdωµν))
P 1
+
h µa,νb =
1
2
(θµνθab − θaνθbµ)
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P 1
+
Ω1hµab,νc =
pµθaνθbc
2
√
3p2
− p
µθacθbν
2
√
3p2
− p
bθaνθcµ
2
√
3p2
+
paθbνθcµ
2
√
3p2
+
pbθacθµν
2
√
3p2
− p
aθbcθµν
2
√
3p2
P 1
+
hΩ1µa,νbc =
pνθacθbµ
2
√
3p2
− p
cθaνθbµ
2
√
3p2
− p
νθabθcµ
2
√
3p2
+
pbθaνθcµ
2
√
3p2
+
pcθabθµν
2
√
3p2
− p
bθacθµν
2
√
3p2
P 1
+
Ω2hµab,νc
=
pµθaνθbc√
6p2
− p
µθacθbν√
6p2
+
pbθaνθcµ
2
√
6p2
− p
aθbνθcµ
2
√
6p2
− p
bθacθµν
2
√
6p2
+
paθbcθµν
2
√
6p2
P 1
+
hΩ2µa,νbc
=
pνθacθbµ√
6p2
+
pcθaνθbµ
2
√
6p2
− p
νθabθcµ√
6p2
− p
bθaνθcµ
2
√
6p2
− p
cθabθµν
2
√
6p2
+
pbθacθµν
2
√
6p2
P 1
+
Ω1Ω2µab,νcd
=
1
6
√
2
(θbνθµdωac − θbdθµνωac − θbνθµcωad + θbcθµνωad − 2θbdθµcωaν
+2θbcθµdωaν − θaνθµdωbc + θadθµνωbc + θaνθµcωbd − θacθµνωbd
+2θadθµcωbν − 2θacθµdωbν + θaνθbdωµc − θadθbνωµc − θaνθbcωµd
+θacθbνωµd − 2θadθbcωµν + 2θacθbdωµν)
P 1
+
Ω2Ω1µab,νcd=
1
6
√
2
(
θbνθµdωac − θbdθµνωac − θbνθµcωad + θbcθµνωad + θbdθµcωaν
−θbcθµdωaν − θaνθµdωbc + θadθµνωbc + θaνθµcωbd − θacθµνωbd
−θadθµcωbν + θacθµdωbν − 2(θaνθbdωµc − θadθbνωµc − θaνθbcωµd
+θacθbνωµd)− 2θadθbcωµν + 2θacθbdωµν)
P 1
−
Ω1 µab,νcd
=
1
4
(θbdθµaθνc − θadθµbθνc − θbcθµaθνd + θacθµbθνd)
P 1
−
Ω2 µab,νcd
=
1
2
(θbdωacωµν − θbcωadωµν − θadωbcωµν + θacωbdωµν)
P 1
−
h1 µa,νb
=
1
2
(θµνωab − θµbωaν − θaνωµb + θabωµν)
P 1
−
h2 µa,νb
=
1
2
(θµνωab + θµbωaν + θaνωµb + θabωµν)
P 1
−
h1h2µa,νb
=
1
2
(θµνωab + θµbωaν − θaνωµb − θabωµν)
P 1
−
h2h1µa,νb
=
1
2
(θµνωab − θµbωaν + θaνωµb − θabωµν)
P 1
−
h1Ω1µa,νbc
= − 1
2
√
2
(
pµ√
p2
θcaθνb − p
a√
p2
θcµθνb − p
µ√
p2
θbaθνc +
pa√
p2
θbµθνc)
P 1
−
h1Ω2µa,νbc = −
1
2
(
pµ√
p2
θcaωνb − p
a√
p2
θcµωνb − p
µ√
p2
θbaωνc +
pa√
p2
θbµωνc)
P 1
−
Ω1h1µab,νc
= − 1
2
√
2
(
pν√
p2
θbcθµa − p
c√
p2
θbνθµa − p
ν√
p2
θacθµb +
pc√
p2
θaνθµb)
P 1
−
Ω2h1µab,νc
= − p
ν
2
√
p2
θbcωµa +
pc
2
√
p2
θbνωµa +
pν
2
√
p2
θacωµb − p
c
2
√
p2
θaνωµb
P 1
−
h2Ω1µa,νbc =
1
2
√
2
(
pµ√
p2
θcaθνb +
pa√
p2
θcµθνb − p
µ√
p2
θbaθνc − p
a√
p2
θbµθνc)
P 1
−
h2Ω2µa,νbc
=
1
2
(
pµ√
p2
θcaωνb +
pa√
p2
θcµωνb − p
µ√
p2
θbaωνc − p
a√
p2
θbµωνc)
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P 1
−
Ω1h2µab,νc
=
1
2
√
2
(
pν√
p2
θbcθµa +
pc√
p2
θbνθµa − p
ν√
p2
θacθµb − p
c√
p2
θaνθµb)
P 1
−
Ω2h2µab,νc =
pν
2
√
p2
θbcωµa +
pc
2
√
p2
θbνωµa − p
ν
2
√
p2
θacωµb − p
c
2
√
p2
θaνωµb
P 1
−
Ω1Ω2µab,νcd=
1
2
√
2
(θbdθµaωνc − θadθµbωνc − θbcθµaωνd + θacθµbωνd)
P 1
−
Ω2Ω1µab,νcd
=
1
2
√
2
(θbdθνcωµa − θbcθνdωµa − θadθνcωµb + θacθνdωµb)
P 0
−
Ω µab,νcd =
1
6
(−θaνθbdθµc + θadθbνθµc + θaνθbcθµd − θacθbνθµd
−θadθbcθµν + θacθbdθµν)
P 0
+
Ω µab,νcd =
1
6
(θµbθνdωac − θµbθνcωad − θµaθνdωbc + θµaθνcωbd)
P 0
+
h1 µa,νb
=
1
3
θaµθbν
P 0
+
h2 µa,νb
= ωaµωbν
P 0
+
φ = 1
P 0
+
h1h2µa,νb
=
1√
3
θaµωbν
P 0
+
h2h1µa,νb
=
1√
3
θbνωaµ
P 0
+
h1φµa,
= P 0
+
φh1 ,µa
=
θaµ√
3
P 0
+
h2φµa,
= P 0
+
φh2 ,µa
= ωaµ
P 0
+
Ωh1µab,νc = −
pb
3
√
2p2
θµaθνc +
pa
3
√
2p2
θµbθνc
P 0
+
Ωh2µab,νc = −
pb√
6p2
θµaωνc +
pa√
6p2
θµbωνc
P 0
+
h1Ωµa,νbc
= − p
c
3
√
2p2
θνbθµa +
pb
3
√
2p2
θµaθνc
P 0
+
h2Ωµa,νbc
= − p
c√
6p2
θνbωµa +
pb√
6p2
θνcωµa
P 0
+
Ωφµab, = P
0+
φΩ ,µab = −
pb√
6p2
θµa +
pa√
6p2
θµb
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